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The possibility of extracting .ncrgy from moving air and its
utilization for flighthas ben knoM 60r quite a longtime.This
holds both for vertically and horizontally movinS ajr. The flight
technique termed dyMnic soaring extracts enersr hom hori-
zonlally moving air which may be chaia.tetzed as a non-
unitorm horizonial wind showing a variation with altitude
(wind shear). Whereas, vcrtically moving air is utiliz€d for the
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flight of sailplanes as a standard prach.c, the expericnce in
dyMi. soaring is nther limited.

The possibjlity of such qtmcrion from horizontally moving
air was fi.st obervcd with the flight ofbirds, blt i! was also
urler.on.ids6l a. d mrJn. tJr u$,r r\L ni8h, 

^r 
!itptdlF..

ln tr'e mean.ine. mo^ in.iShl h,,, ba.r !inN b) d nunber of
theoretical investigations and cvenbysoncpraciical.xpricnce
(Refs.1-13).
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. soiar ihtrrrdir^5uir.hJ\,,bcr.rJ, hr\alpr.,v nd\dt,trb,.
mmrmarron anlj \nv*t,d8..ut rh, p.in.ipt. ch",d..lrnjtr5 ut
dynJmic {rarinS fl'6h'. q'rnr,ut rh..inv(\rig ,iron. dre br\ J r,n
s'mphfrud rnodel. or 8iv. Jn e{uhdr!, w.il (h. u\c ul , n,:rE}
.oNidqrtions.^OrheB apply nu m,.ricrt sim I rLrhon rNhn,q;
tor compuring fl rBhr pruritcs.

In I h is pdp('r, h(\lom maihcmntraloplimtarion pmedun\i^ rppltrd io lhF probnnr 
^t rnd\rri/rnB ,.r! rb] r\(rJ.!ior

rrum nuMnt. ty movinsdi. thD\, rl is FF{ibt. o dcrcrmine
uPnmni traFrtor'cs 

't 
itl-(,ur .rrpt. ):n8 rl-f mud.linE or rhc

sdrlplanqdnd rc,ulr\ h hich Bi\ prsis(ainDrmdion J6ut lh(
tapabilitv.,f dyndmr( {irrnB ,,:Eht cJn t-/ d(hicwJ.

= coefficient {i=r,o,a;t= 1,2,3)
= vcctorofboundaryconditions
= drag cocffi.icnt
= lift cocfficient

dra6
= m.'\. liftruiraL rahd F=ra /, )

= aLLccrrhonJrDt.gr,\rLv
= Hamilroni.n

= pqturnrin.. ..irc.ion
= liftd.pcndcnr drns l!.ror
= litt
= mass ofthcai4tnfu
= l(\id f&l()r
: 

Pt' ram.rcr v.cr(ir
= rerscnc0aru

= control cstim.h,
= contrclv(tor
- lunqi,ulin"t cJn punlnl Ji 11. .ro!u.

lulo sFr.d v.<ror

= ab$lute sped
= wind speed
- latqal.omponeit ot rllaab$luF sp€ed E ror
- \,$Li al a,hp.ncnt L,f ft,.dosDlue \rxr! v!r-

tor
: state ve{tor
= lon8itudinal.oordinate
- latoral (xrrdharc
= vertical coordinare
= anglc bcrwcn aiFpccd and horizontat

1 = t 8rangc multipliq
p. - roll angle (aqdynmjc @dinatc sys-

rem)
g = aird.nsiry
1. = azimurh anglc (acrodynami. c@rd inatc

systm

Modcling corsiderations

ThespNd l0rionsh\rs ofa sitf,lan. nying jn irorizontally
mNins rir ift: illusrrar.d in Figurc 1_ t.hc spccl vc\.br in
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rclation lo thc .arth as nn incnial refcrcnce syston miv be

Vf(uk.ok,uk)t (l)

lvith !& and"& rcprcscnting thccomponcnts inthe horizon-
tal plane and Dk thc vqtical ompon(nl

Tho ai6p!t\r may be \''ritl.:n as:

V=Vx Vw Q)

whcr€ yw €prcsnts the wind speld va_tor. A wind sh€r
condition shoss onlyalorizonral spcoc ornponent. Byappro
priak! .hoico of thc coordinat€ ues, thc wind spoed can bc

vw4 vv,o,of (3)

tthcrc yr is a function ofaltitudc. Thus:

v=(r"n+v n,oa,w.,)'

v..,t tu;v )i r. \;i I ; (.!)

Thcangularonontaln'nbdwetrrhev&_1oB VKdnd V.rn bc
c\pnssed by thrcc Euleranglcs & , 1,4 (9! Figu.e 2).-|.lt.
lirll()wing rclitions hold:

sin 7,= --;

L.f v= -&..-

l\

I

IICURE 2. BASrC CHARACTERISTICS O[,\N OPIIMAL Tn.q-
,ECTOR Y FOf, DYIJA Mrc soAR I NC
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FIGURII'cooRDINATEs,SPEEDvEcToRsANDANGLESloRDlscRrBlNcTHEILIGHToIANAIRPLANIINHoRZoNTAIIY
MOVING AIR,

i,

;

The rcmaining eglc 4 is deterhin€d by optimality condi,

Thc .lutions of motion may bc ivnftcn as:

' D I,

a"7- cos tt.sin Xc.s Z,+nn p.,sifl z,

a",= cDstt,sifl y.sik x.- sinu,cosZ,

The aelodlnamic forces a.e ihe lift ed drag forces denot.t by
Land D.I ilJrcpendi.ular to theair spedvector yand D is
parallel io y but opposite io its diredion. The aerodynamic
forces can be cxpressd as:

D-coolz)vs L -ct(812)vs (7)

ThcacrodFamic pertonnancc.haractdisti.sof thcsajlplane
are detcmincd by its drag polar:
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DL

DL

Co= c- + Kc L 18)

In regard to wind onditions, a lincar wind shear model is

applied whcrc the gladjcni lvw /1, is considcrcd as constant
within a prcsrib.d aliitude.anE€. This is bascd on ncasured
dataas shoMinFigure2. Futhermore, the &ind shar modcL

uscd as consideed as indcpendcnt of the cooidinales t, and y,

'vithin 
the r€on cov.rinB an optimal tra jo.tory.y.le (the term

cycie willbe dplained subsqucntly). Figur 3 Sives an illus
tration for the wind shear modcl applicl.
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IICURE 3. W1ND SHEAR
FROM REFERENC! 14)

CONDITIONS (MEASURED DA'I'A,
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Rlsi.allt an optimal tra jdlory nr mdimizing cne.Sy tran*
f€r to the airplaneconsjsts ofcy.les as shown in Fi8ure 4, with
points 0 and 1 dcnoting the bcgin and end of a cyclc. Alter
Llmplcting one cyclq anoiher starts so that the whole traiNtory
maybc considered as a sct composed of such individual cyclcs

The individual cyclcs may dilfer, d€Pcnding dn the altitudc of
thcstarting Pointand ils wind condltbns. No difn"r.n..s cxist

when thealtitudeat point 1 is thc same as at Point0 (h,- - 0).ln
this case, the optirol cy.le forsoaringlljghL may be qualificd as

Thc optimization prcblcm cannorvbc formulatdl aslo find
the .ontrols history (C., U ), the initial .onditions (!,q(0) ,"l;{0)l
drd,l'e 

^. 
relpnErh,.I hl' r l' ninint-,he p. L,nJ...n

tdion:

(11)

h

tm)

500

250

l0

r/ 11 1m, s I

t,\0)=yt(0)=t) h(0) = h(t+), (9a)

wheru r* denot6 t\: timeat theend of thccycle.
'I \c.pFAd ve-to'vrdL tnesd ofJ cyLle must be Ihe.dme d'

at the bcginninS. Thus:

\,(0 = uk1ry) br(0)=r\(tv) uh@) = urqft*)

ob)
ln additiorythc jnitial fl ight condiiiohcanbe.hosn suchttnt:

Corirol variables are the li{t cocfficicnt C,. and the.oll angle

t!.. Thc lift coeffi.ient ls subj(t to the following inequality

c,_, < cr< ch,
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with./ = cr dsoting an cncrgy-ncutral iraj€tory. This problcm
js subj&t to the dynamlc slstem des.ibed by Eq. (1) and thc
in€qu:nity constraint for the controls according Eq- (10).

Thc pmbleh described has been elved by applying two
optimization programs. One ]s the optimization prcgram
BOUNDSCOwhi.hisbaed onthemethodof multiplc sh@ting

115,161. Thc othc. is thc optimizalion prcgFo TOMP whi.h
utiLiz.sa parameterizaiion rechnique f ordetermining th€ optimal
.onrr"l. Ii7l.A.l'"dd"\ripliunfurburhlL.hnrgre Fgir' n,n
the following-

In regard to the first optimjzation proc.tuq n&cssary
optimality .onditions aording to thc minimm plinciplc are

applied- Denoting the veciors of the state and contrcl variabLcs

r(t) = ("k,bxs,uK,, rs,y,, h)r

L(t)=(cL'V.)r

1].1. (1).an be expr6ed as:

(12)

'=J6,u) 113;

Co(csponding to thc siate variablet ltSiange multipli.B

^ttt=ti.i-^.i-l.L)'
(11)

fICURE 4. WIND MODEL APPLIED

Considcnng now a cyclc as a basi. clcmat of an oPtimai

endSy-ncuiral tiajectory, the f(tlowing inilial .on d itbns nold
(with apprcpnate choi.e of the origin of the €f@n@ axs):

Thc Hamjltonian niay now bedefined as:

H(!,^,u )-)tf(x,o (15)

With theusofthe Hamiltoniary the La8rangemultiplies are

iaH

AHt

(16)

For the boundary conditions of the LaBran8e multiplies, the
foUowin8 rcldrion. huld tur cncr8' -nNtrJl I raF-toncs:

^ 
(o) = l(t ) i=u,r,w,x,! (17)

The optjmal.ontrols are such that H is minihized. For this
rca$n, they arE deiermined by:

(18)

or (with rcgard to Cr) by theconstrainingbound' of[q.

The dlmamic system descdb.d byEq. (1) isautonomous, e
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that the Hamiltonianisconstant. Sincc turth€nnore the time of
a cy.le t+ is considered frcc, li is giv.'n by:

H =0.

As to the se.ond optimization p.eedure applicd, a param-
eterizatjon lechnique was uscd. FI€re, the .ont.ol vcltor &(i) is
approximated by a paramct.r vcctor p. Defining a grid;

(19)

Qa)

/r, l

'lr

h !ut)

lnl

il

!|!

ll':C

0l -i) ai ,0,1 T |r, rl'li r l
0=l <l <.-.-.< l <i = j

the following is appli.d:

u(t) = uj(p,t), \<t <t+1

Th. tundon U, rpr+nl: conrru..{im tN ro, in,ddi,., .

r.....q 1. rur modehng rh..untru -. prh Buldl^r .plne run.-
tbns can be applied. For given initial conditionrEq. (6) can be
integratsi with the cstimat.d ontrols and thc pqfomance
oiteion and the boundary conditions.an be evaluaiL{. This
re$ ts in a nonlinear progamming problcm whi.h may bc
stated as to minjmjzc thc pc orman.€ crjtedon:

l?=ha h(p,t+) (22)

subject to the boudary conditions:
t./l, 

",.

ITCURD 6. STATE VARIABLES O! AN OPTIMAL TRA'ECIORY
FOR NNERGY-NEUTRAL DYNAMTC SOARINC.

i. i_)
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IIGURE 7. CONTRO! VARIABLES OF AN OPIIMAL TRAJEC-

TORY FOR ENERGY.NEUIRAL DYNAMIC SOARINC

(21)

(23)

0 1l ) () + \)'l)

In the first pari, enerSy-neutral optimal traietories are con
siderud. For this t)?e of trajeclory illustlatcd in Fi8re t the
potential and kinetic enogy at thc end of a cy.le is the same as

at its beginnin& including thc dircction of the speed vector.
Thur the ene€y extracted from moving air is just sufficient for
contjnuously maintaining dlnanic soaring. The gsmetnc

I
29

FICURE 5. ENERCY-NEUTRA! OT MAL TRAJECIORY !OI(
DYNAMIC SOARTNG |tq.=29.3 s, E-45, e/s=50 kA/ 1, dvl
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propcfties ofin optimal trajc.tory show a Posi tion chanSc oi thc

airplanc, not only .ross wisc to the wind, but nlso in i1s dirQtion.
In Figurc 6, thchistory ofstatcvariablcshshown. This fiSurc

alsogivcsanillustiationof iherelationbctwecnairsP.d v nnd

the absoiutc spr.{ v. lhc contrcls history is Presentcd in Fi8!re
7. lt may bc s€n that thc hlting capability in t.rnrs of lift
coctficient .hantcs is siSnificanily uscd. Similarly, largc dl
anSle changc! are ne.essary.

An cv.luation of cncrgy'nc.utral optimal traje.tories is pre
*nl&l in Figure 8. This 6gure shows thc minjmum wind

;r J "., w 
'i. 

n .. n....\,D o-m'in..riringdln-mi rb"irE
without gaining orlosing L'ncrgy.Themjnimuh wind Sradi.nt
is plotted as a lun.tjon of maximum lift-to-drag ratio
E =(C./C,.)*.lllcrcsuhsshowthat maximum liflio{]rag ratio
isn kcy factor as r.Eard th. ninimum wind gradient necessary.

In addition, wing loadirgn/5 cxcrls a sjgnifi.ant inAuence.ln
thc re$]ts prcsntcd in FigN 8, thc c{f.rt of a load fa.tor
const.aint is also takcn into a..ount. Thc load faci* limit
considcrsl yields an increase of the wind gradicnt nclcssary.

ln additbn, results lor $me existing airPlanes (thc drag
polars of $'hich arcba*d on l'light tcst data) are al$ shown in

Figxr.8. Thcy arc in aErenent withthcresults conccrninS the

quadrali. drag polar (Eq. (8)) which is used for systemati$lly
i1v, n,E.t.rdIa,_.\,or'nJ\tmurI r roJr.'tLrnt

The encrgy slate olthc sailplanc shows siSnificant chdnSls

dunng the cour{ ofan oPtimal tnjdlory lhis is illustrated in

FiEurc9.In thc first part of the cyclc sho$'n, a dc.n:aic in thc

.n.rgy date e\ists. The rcmaining par! shows an in.r.asc in th.

.r'f8).rJl. -\rLh-(lhF.nFrc\ {\.i(r,J lr' nt In!\rrEJ r

is gr.Eter thnn the cn.rgy detradcd by CiaS r'ork.lt hay bc of

{dVyli[],,.
l1 / s)

m/S=

>:-'-
2

25 ka/ n2
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50 kq,/m2

2A 4A

FICURE 9. CHANGI OF THE EN€RGY S'IAI'[ OF THE AIR.
PLAN! DURINGAN OPTTMAL MAIECIORY

intcrcst to notc that the most sjgniE.ant ene.gy state in.tn*
occursin thc upperpart ofthe trajectory. Additional irsig ht is
previd.{ by Figurc 10, whi.h shows thc et. of .har8c of
ene.gy.In this figure, lhe contribuiion yicldingan qcrgy stakl
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.SAILPLANE 2 SIMILAR TO LS4
-SAILPLANE3 SIMII.AR'I'O ASW 22

(I'lS = 32.2 KCIM), STANDARD CLASS
(M/S = 32,5 
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FICUREs. MINIMUMSHIARW'NDCRADIINTNEC€SSARYIOIiINERCY,NIUIRATDYNAMICSOAI'INC
-SAILPLANI 1 SIMILAR TO TWIN ASTIR (A'lS = 33.0 (C/A,f), CLI]B CLASS

DOTTED I.INES: r r MTTATTONS yax 
= 9tt M/S AND Nex = 4.5
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lncrca$ducto oergy extraction lrcm movingairis colnpa.L{
iwth thc contribution dclractjng !'nergy f.om lhe sailplahe due

tm/sl

Ah

tm

t0

0

-t 0

-ra
1.0

FIGURE 10. RATEO!ENERGY CHANGE(n: LllT CONTRIBU-

TION, %: DIAG CONTRIBUTIoN)

ll

f!CURE ]1. ALTITUDI CATN AND PEAK VALUES OF LOAD
I_ACIORAND AIRSPEIDIiOLANOvI IMALmAJECIORY(E=,15
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FICURE 12. ALTITUDE CAIN FOR AN OPTIMAL TRAJECTORY

wlTHcoNSTRAINTs FOR LoAD f ACIoR ANDAIRSPEED(E=

45, ftl's = 50 kx/nl, dvJ.lh - 0 039 s 1)

In the remaining part, rcsults arc Prcsentsl for oPtimal tra
je.tories whlch show a gajn i n the en€rgy state aftcr comPleting

acyclc.Ac.ordingtoFiSurE ll,siSnificant Sainscanbea.hieved
whcn the wind gndient is great.i than the minimum value

considcred- l his fiEure ale shows the Peakvalus oI load fa.tor
and airspecd which Fa.h rathd hish levcls.

'fhucfore, it is ne$sa.y to account for limits in airsPced and

load facior. The cffe! of such consraints is illustratcd in FiSu€
11 which shows thc altitirde gajn A, as a tun.tion ofmaximum
load fador adnissiblc ,.- with airspc.d limited to v*

Mod€rn mathmatical oprimizaiion procedu!:s are appljed
for dynami. soaring night.Thus, flight ndcuvcrs can bede'
tcrminc\l where the energy dtraction from non uni{onn hori-
zontal wind (wind shear) and its transfer to the sailplanc is

The ninimum wind gradicnt nccessry lor .onrinlorsly
maintaining dyiamjc soa.i!g l'l18ht is shovn. Maximum lift to
drag raiio and wing load are key fa.tors as €8ards minirum
wind B--drcnr [\.1. In dJdtri^n. i, | 'howc w\dr ' iF,6v 8di.
can be achieved when the wind gradi{t exceds the minimm
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