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I figura tion is bc ttcr ihan for the climbing configuration.
This is typically thecase for thc m o iorgliders retracting
thc cnlihc and th€ propeller durnrg the glide.

I'rclinnurv cvaluations shorv thatr sensible advan
lagc should bc obianled also in tlie case of air.raft
havnrg the same aerodynamic pcnar in both climbing
and glicling configurations, provide.l that the variation
ofergine spccific fucl co$urnption and propeller effi-
cjency arc accountcd for.
2, INTRODUCTION

Cruisinia llight conditions tradiiionally defined and
considercd arc thc cruise f(rr:

(a) maximunr encturancc,
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Afterrecalht the tradition.ll crl,ising conditiolrs for
naximum endurance and rangc, thc collccpi of cruise
for maximu m V/f or v"/f;s introduccd.

A different type of crujse, altenrating climbs at full
power with glides with cngnrc off or ai lorv engine
ratinS, is then taken nrto considcraiiotr.

A simpl€ maih€matical model, assuming constant
engine sp€cific fuel consumption and propcllcr cffi-
ciency, yields simple mathematical equaiions. Numeri
cal solutions for mnrnnum f and nnxunum V/f shorv
that a subsia n tia 1 ganr in pcrformarlc.'is obtained when
c\,cr the aircraft aerodynamic pola r for the gliding con
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(b) maximumranse.
These are relativelylow speed flight conditions.
To increase the spccd of a v.hicle has ali{ays been a

primary objective in human history. Spccd costs noncy,
however, in terms offuelburned or, in general, energy

It seems of interest, therefore, to siudy flitht condi

(c) ma-\imum speed//consumpijon ratio, V/F,
hhcre V is $e avFrdeF -peFJ a.l ie\ed "long., grrt
distance, and f is the fuel consumpiion over ihe same
distance or the fuel consunptiotl referred io a standard
distance (for instancc,100 km).

Different aircraf t may achieve the same ratio V/f with
differcntairspeeds. Toprize also dre speed iiselt ii may
be interestht to study the flight condition aim€d ai ihe

(d) maximrm v'lf,
where the exponeni n is greatcr than one.
3. LEVEL CRUISINC FLICHT

It is well known that ihe aircraft equjpped wiih a

piston engine and propeller attajn the cruising condi-
)t$ (a) (max. endurance) and (b) (max ranse) at two

different st€ady level flight conditions.
In the simplifying assumption that the propcllcreffi-

ciency (d arld dre specific fuel consumption (c, kg/
IIP.h) are constant over a sufficiently large r.,nge of
operatinS conditions, the conditbn (a) is attained rvhen
ihe aircraft is flowrl at the maximum value ofl

H=C.''lC,,

and condition (b):,t the mnxnnum value of

E = Ct/Co

whereCLandCDare theaircrafilift and drngcoefficieni,
respectivelY.

\pD rdrely are tl'c-c c.,rd ilion,,rd.pred in. nri..nB
flight. The main reasons: (i) they concspond to rather
lcnv airspeeds, (ij) thc operaiing conditbns of the pro
pulsion unit are too lar fron the optimum for which
engine and propeller are desiSned and adjuct.,l

It is normal praciice to cruisc in the conditions recom
nendedby the manuf acturer (and spccif n:d in the fl iSht
manual) referring to given values of thc cngine rota-
tiolralspeed and manifold pressure. They usua lly corrc-
spond to enghe ratnrgs ranging from 50'/. io 70'% of the
erlgine maximum continuous powcr.

In these conditions, howevcr, thc endurance and range
are far frombenrg optinlized.

If $e obiectiveis to achievc condition (c) (max. V/0,
the maximum valuc of

U=C.!'/Co

should be attained.
In fact, f(kg/100 km) is given by

(w = aircraft weight (kg), c = engine specific fuel con
sumption (kg/1 ll'.h.))

The aircralt speed V is:

\= ;- {;) i.,

the ratio of (2) k, (1):

v 31i.9 W/5 n F

i= 'i", r\' ; c,,,

shows thatV,/f = (V,/ f) 
",-, 

when

(3)

(. ) ( , )_ =r*
Similarly, il ihe objective is to acheve condition (d)

(max. v'/f), the maximum value of

Y=-i;
shoLlldbe aitnined.

On thc curve of PR (power required for steady hori
zontal fl ightat a given altjtude) as a tunction of airspeed
V (Figure l), points A,B,C,D couespond tothecruisinS
..ndiridn. delined above:

(c,'./c,,),,,",
(c./c!) -,,(cr'rlc.) -,,

(c, ,'/,/c,) 
-.,

whereas E may represent the cruising condiiion as

cLr rren !ly specificd (for iistance, wid175'1, engine power).

If TR (thrusi required for steady lcvcl flight at a given
altitu.le) is plottcd vcrsus V, point C (max. V/l lies on
th.'tnngert io the curvc drawn from the orjSin (FiSure
2).

a

FI(]URE 2.

A max. endurance
B max. range
C nar. V/f
D max. v"/f

- 
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FIGURE 1.
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4. THE "SAW.TOOTII" CRUISINC FLIGHT
Anotherctuising teciuique can b€ imagincd,bywhich

climbs at full powcralternate witirglideswith cngine off
or at low enginc ratnrg (e.9. zcro thrus!).

The simplest mathcmatical model for this rypc of
fli8ht assumes constant c and n not only at d;ffcrent
enSine ratin8sbut als() withvnrying flight altitudc.

If wc alsoassumc thatr (a) thc cnBinepoweroutprtbe
independentof the al titrde (or if wear.tumean avclage
vnlu€ for it)r (b) the climb angl.'oand thc glkle inglc B

besmall, themathematicalexprossi(,rssho!vn in Irigure
3 are easily derived, for the nlcrn8c speed al(Dg the
cours. (V) the fuel.onsu'nption lXr 100knr disLm.e(0,
therdtio\V/rdndV'/f.V . \'.r B F.rll, \t"\\'J
in m .:, ir L* I lP.h, "nd I rrui,,. n,'wrr in HP.

Iror a given aircraft.rt a givcr confi8uraiion.nrd iotnl
wcighi \ and W. are corrclated by the spcftl polar, V
.rld W. by th. \ limbhF perf,rrmarrce r urtr.

t*kl GJ

1t

;r n.;t 114t //;rlt' l' o,

v ,rtu (ur\'t'u*)
7'4 

-qi:t)
," nal! ).?1 l;rfit

f ::r" .l r"rl'r/'" 1 '

+="'+'i e

' 
V^ a (-ru,'qu|)"'
! . r" vr("t t 4) \ *n-*'l

FI(lURE3.

Noiethnt tlleexpressiors(a), (5)an.l (6).in b(: applled
or.asily extctrded to aircraftoth('r tlurr light airplanes
and motorgliders, provided that the assunrptiolr ofsmall
.linlb nngle (o) and glicie angle ({l) are reasonable. Of
coursc, tlteidea ofa "saw-tooth" crLrising technique for
a large tra nsport aircra ft may bc rii.ible.
5. NUMEIIICAL SOI.UTIONS

l"r L,ulh iLrn' trorr- V $ . -.1\ \r ili-r..r.,'n.rll"
l,'.i. -Lnc F. l\ rr rnhl (l,rJdrdlic c.pre.. orls:Lch .rc:
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W* = kr + k,VB + l9 Vs? Q)
w" = k1 kr v., k6v"? (8)

Numerical solutions have bL'en deicnnined for thrce
typical aircraf! a lighi airplane (Cessna 172 P), a hiSh
performance motorglider with retractnble enginc and
propellcr (ASW-22 8E) and a mobrglider with fixed
propeller (Dimona I 136).

Figures 4 b 9 show the rcsults ofthcsc calculations as
plolsofV vcrsus V",on which isorurucs V/f -n'ncl ,,r

It can bc srcn that thc aircralt for which the sanrc
acrodynnmic pol;rrhasbee'r assun,ed forbo$climbinS
md SlnlinS.oDfigurations rc,rch theoptimumrrhcn V.

V, rh,r,:. lhe Asl^-22 lll hl,i.hhisengirc.ur.J
pn 'usllcr relrJ. t(at rI rlr. rl,dirr;,.,,ri;urnlior). V r V .

ln lhL Iurmc-(rs! rlu- unsrrli,urdrv's.1w-ruolh' tyf.
of cruising technique is nol idvantageous: the same
values of (V/0 rnax and fnrin .rre altained as in thc
statidrnry cruis(r. In ihe lattrr case, thc advaniagc is
remarkable:abr)ut 30'11, for thlr ASW 22 BE.

In all cases, Norcovcr, the optimum conditions for
climbinS an.l for gliding correspond k) Umax for (V/0
max nf d to llnr,rx for fnrnr, respectivcly. fts is truc if
both thcclnnb.rlrd giidc ilngle arcassuned tobesmall,
!r4rich is certai'rly vcrifi.d for thc cases considcrcd.

,l -.._ _-_., .r.,r.r,r.,i i 
1 

:, ;t.,1 " ._ .,::"{"'

FIGUltE4. C{ssna l72l': V/fr (V:0--, = 12.84; aV. =
4l 

'il^:ivg = 4!T/s

[-'" ,

(i/s)

20 r.o 60 r..r,w"r

FIGURE5. Cessna 172 P:i, f,, 
,, = 10.35 (litri/100km),

aV" = 33.5 m/s; V* = 33.5 n/s.
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FICURE 6. ASW 22 BE: V/f; (V/0.., = 38.1; aV. = 26.5 nl/s; V, = 33.5 m/s
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FIGURE 7. ASW 22 BE: f; f.^ = 2.8 (litri/100 km, aV. - 23.5 m/s; Vs = 28.5 m/s

TECHNICAL SOAR]NG



(n/s )

5o

4O

zA

60 ,/- (./" )

FIGURE 8. Dimona H 36:V /L lv /q",.,
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= 34 m/s; V. - 34 m/s
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FICURE 9. Dimona H 36 : fr f",. - '1.71 (litri/100 km); aV = 27.5 m/s; Vs = 27.5 m/s
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6. AN ANALYTICAL APPROACII
Withthehelp ofa good maihematical mind, thatorrny

friend and colleague Aldo Muggia, l'rofessor of er(F
dynamics (retired), Politecnico di Torino, thefollowhg
analyticalexpressions and graphical interpreiaiionshav€

Maximum rar'ge (f,",.):
Fromexpression (5), f js ai a minimumwhen

v. vd 
\,\

Dilaerentiatjnt the function (9) yields:

Condition (10) is saiisli€d iI a ianSent to the climb
curveW. -V.is drawn parallcl toOA: ihe abscissa ofthe
tangent point B defincs thc optimum V..

!v. = .L oo)

(t t)

If the curues W - V anLl W V are available and
plotted as shown in i;g"r" 16, thi condition (11) is
saiisfied if the taigcnt from thc origin is dra$'n to the
.peed pol.rr Wa - Va: lhr', h., i- -J nf ll,e I.,nFenl poir,l A
defines the ophmurn V^

w

|1,

FIGURE l0.Conditions for I

Maximum speed/fuel consumpiion (v/Oi
From expression (6), V/f is nt a nlnxinrum when

.v v .:(+.*.1 rw! rwvr
I I I !1 .!M
w (n - 

r,! )

DiffcrNtia lg the ftrnction (12) yiclds:

tw d\ dNt\ 'r \\ ,!\:\,\^ v . !\ v,

dv dv I v-v I v
a* =*"=z w.w".i d (r3)

FICURE 11. Condition for (V/f),"-,

Wlrel t' ' lV V.l rW W ) '.rrr br ..n.id, .J ".IL,llludntrl! h .l' r.1 ..rr"V W.,l1,i..nrfliriFd
i'rh'

os)

Inl-igure 11, according to ( 15) ihe tangent to the speed
poldr W^ V^ in ( , orre"pond' lo d Blide dngle dor-ble
lhdl Ll A. nri"bqr--.,of( )reld.rheonlrmumV.

Condiiion (14) is satisfiea ifa tangent i'n I isara*nto
theclimb curveparallel to ihe tangentinC b thcspeed

dV+dWr+Wr' 'w w

]V
'2 w
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polar. The abscissa of D yields the optimum V"
Maximum ritio V^/IJ:

V"/f is ai a maximumwhen
(wsv. + w.\) -,
wr(w. + wi).

Differentiating the function (16) yields:

tage also in the case ofaircrafthaving the same acrody-
namic polarinbothclimbing and glidint conf igurations
(as the Cessna 172 and thc Dimona exemplii/ here).

h fact, it is certaiily true that the entine efficiency
(aJld, therefore, dre specific tuel consump tion) inr proves,
withrespect to the "staiionary" cruise condition, if full
tluottle isemployed in ciimbing.It is alsolikely that the
optjmum gliding condition would be attained with a
low engine rating (but not engin€ of0, probably verv
close to the "zero thrust" condition.

Thc cffect of ihe altitude, in boih the climbing and
gliding phases, should also bc accounied for.

In pariicular, for the motorgliLlers wiih retractablc
propellcr (and orten engine as i{'e]l) ihe transierlt phases
at the end of the climb and of the glide should alsobe
taken nlbaccount.

In a more realistic ma thema lical model, therefore, thc
performance ofa "saw-k)oth" cruisjng flight would bc
no more independentof thc utilized change ofaltitlrdc,
as in th{r snnplifiecl model presented here.

lw.w"llvr l'
(17) becomes:

.l

(16)

07)

(13)

In Figure 12, accordint to (19) the slope of the tangcnt
to the speed polar in E is n+ l timesgreater tiun thatjn
A. The abscissa of E yields the optimumV.

Condition (18) is satisfied ifa tangent in F is drawn to
the climb curveparallel to the tangent in g tothe speed
polar. The abscissa ofF yields the optinum V..

7. FUI{'I'HER STEPS
In a f urdrerstudy of thisproblcm, the dif ierentsimpli'

fyinli assunp tions should be removed.
It is likelv ihai, if the v.lriations of the profdler cffi'

clencv and (ri the engnie fuel consu m ptiolr a re accounied
Ior, ihe "s.1w tooth" typc of flight would Bive an aclvan
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FTGURE 12. Conditiors for (Vk//f)",.,


