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The application of CFRP anc:t CFRP for primary struc-
hrrcs of sailplanes rvidely opens ihe possibilities for
improvnrg ihe aero.lvnatnic and structural dcsign and
.oifiguratjon. Specilic stiffness and srrengfi values of
CFliPand CFRP is dramaticallyjmproved compared to
the ira.liiional materials [1], Fiilure 1.

ll,r, .rl.o rtlowed .,, ,.on ol rF\! ,,,din..pnn8 ir-
cirsign ihaiwas notpossiblc before. The ncw materials
m.rke possiblc flight perfornrancc improvements by
usjng bigger !ving spans and thnrner a i rfoils, realiza rion
of variable geometrybccomcseasier, also incrcasewa
ter ballast and, $'hai is
v€ry nnportant, an in
crease of brsional rigid
itv nn.l reduccd flutter
problems. Today,al\ ing
sprn ovcr 20 m with a
tlin airfojl is quite con-
nron. The designcr's
most lmportant aim js io
create an optjnunr de
sjgn j.e. to achicve opti
mrorstrengthwith milri
n m possjble \.'eight ol
ihc s. jlltane strucir)rc.
Some ot the major fac
krrs rvlich musi be con-
sl.lercd h thc corcepiLrnl
.lesign stagc are struc
hrftl u.eighir costs asso
ciatcLi !\'iih develop
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rnent, productioD, certification and op€rations; avail
ability of special facilities; expericnce, and confidence,
Fi8ure 2. To fulfill this stiucrural optimizaiion algo
riihm $,ith the specified desigrl constraints, such as
material strength, buckling, {requencies, displacement
and fl utter constraints were utilized. Since thc imposed
constraints arc noriinear and the structlual model is
generally hdeterminate, &e algorjihms are always ir
erative in nature. 1lle algorithn1 for optjmizatunconsjst
oftwo mainsteps. The firststep is to analyze the struc-
ture in order to fhd iis respoffe to ihe applied loads,
and theseconci step istoredistributethematerial. When

the structure is dis-
cretized nlto a numbcrof
etemcnts, analysis is p( r
formed by finjte element
methods. The redisiribF
tion of ihe material is
achieved by using a re
clrrrence reiatiorl of a
search fonnula,with the
objeciive thai after each
iteration thc $ eight of the
structure is reduced and
all constraints arc satis
fi(a1. RecrlrsnD fo.nrrlas
for resizing ihc dcsign
variablcs based onKuhn-
Tucker necessarv coldi
iion for each type con-
strainis incorporated a

design altoritllm wlich
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FIGURE 2. Sjmp lified coDrPosite struchtc dcsign pro.ess.

Fr.r!11' !t D!sL6! srA!!

I( = Ialr,a, (2)

In l:quatnn (2), It is the siif f ness m.h ix of th. i th
€lern€nt, n is lhc conpatibilitl' matlix oi the r ih
elemi-ni, incl dt is ihc transPonse ofdt Thcwci8hiof
the sailplanc struchre W(X, is given b]'

(3)

exploits the concepi of a most critical constrahi. 1lxe
main idvantage of the algoriihm is that ihe colnputa-
tional efforis ofresizhg does not nlcrcasc vcry sharyly

'\'iih 
jncreasnrg of the desi8n variables. The algorithrn

was settled in its final form after differeft problems
rvere solvccl and the resulis compared wiLh those of

Definitior oI the Problem and lhe Optimnlity Crite-

ln the last two deca d es al gori thms rvere developed ir
conjuctionwith finite elemcnt analysis (FEA) based on
thenonlhear mathematical programning mcdrc.ls (M1')
and the optimality method.In ihis paper we will p ma-
rily usc algorithms based on the optimaLity critcriorl
meihod [2,3]. Methods forihe optimumdesignof struc
tures have progressed rapidly in recent years. In par-
tic olar, optimalily criteria approaches have sjtnificantly
advanced the state'of-thc-nrt of the minimum rveight
dcsign of struciures ilr\ olving largc finiic elcment as

semblies, and for the optimization of larte practjcal
sirlrctures with static, dynamic and stability re.luirc-
nents [4 6]. The potcntial sirength of the method is ihat
the number of jterations needed to convergence to an
optimum js virtually independent of the number of
structural members. This property makes thjs meihod
well suited for the optnnum sizing of large practical
structures. The opiimality crjterion for the gcneralized
constraints is derived here first, then is specializcd for
the displacement col$iraintproblem. Consider a struc-
iurewhichis discretized into N finite elements. For this
siructurc, the load displacement rclation is rvrirlen .s:

e,(x,) =.:rfx,) . t <0, j = \,.. ,P 14)

where Cy'X, is ihe aciual valuc of thc j-tl, .o,lstr.lnt
an.l Ciis its limitnlg value of desir€d valLie. The toLal

number oI constra in ts on ihc siruc ture is p. The obji'c !ive
is to mnrimize W(Xr) slrbjeci to thc colstraints given in
Equauon (4). Ustlg Equa tions (3)and (4), the Lrngrange
function L(X;,1; ) canbe wrjtten as

,(-t,,r,) = t 2,i,-). +t),r(,(n,) (5)

rvhcre i/ are the LaIrangiarl pannlciers. The necessa.y
conditions for thc local colstrahed opijmunr are ob-
tained by differerltiathStrquation (5) ('ith respect to the
design variablcs Xi. This gives

,l-)-\.",s.r.o; ^ 
(h'

where lt > 0 and ).Ei = 0. EquainDr (6)is ihe opinnaliiy
crite )n. ln the case of the displaccndrt c.'rsiraint
proltenr, Equi!ion (4) canbe l\'diten as

, \' ): ' o 'I t" 'P 17,

whcrc Et is the flexibility coefficient givenby

Etj = u!kplxl (8)

rvhcrcpt, is the mass densityand,4ll js tlie !olune of
the clcrncnt. The.lesign variable is Xt and /i is a

consiani that depends on ihe teomctry of the elc
mcnt. lhe genernlized constraints.tlx, imp.sed on
ihe structure cnn be writicn as

ivhere Il; and s/t are ihe d jsplacemcnt vectors assocja ted
with the ithelement dLre to applic.l load factor and the
vntual load vector S/ corresponding to the j-th cotl-
straint. For the bar structure

E,t: I',U:I,/E, (e)

$ here fi is the force in the ithbar due to applicd load,
U/i is ihe force in the;+h bar due to the viriual load
vector Sl and Ei is ihe elastic modulus of the iihbar.
ftF copfficrer,t. / .i rrF..n"ldr,l {o- srJli, , lJ d' l"rml
r,Jl. -lru.tur' .. ind lor Je ermIr.,rL .lru.l,,rP t.rPJ

depend on the designvariables Xi.I-Iowcvcr, theymay

0)

lvhere fis the applied loadvector, r is the displacement
vec tor, and K is the bial stiffness rna trix of thc s tructure
givcnby:
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bc assL, mcd to be const. ni for small clunges inXi. UsinS
Equatnms (6) and (7), ihe optimnliiy conditbn can be where (i is the lowesi critical load factor (the lowest

eigenvalue) and (i is given by Equation (16). The
Lagrangc functjon irf the above problcm is

,(r,r\) = t, r.x, t((, t) (18)

ApplyintKuhr Tucker conditions we get

,, r. ::. o (rq,7"^
Thc gradient of the eigenvalue (l can be obtaircd by
d irfLi, r tiJiI rg Ltudrion (l.t) wirli'(.pp! I to lhe de"ren
!drirt'le X, Jrd muiLrplying both "idc. by 9l.

I a* , a(, 0K. ,ro. ay -lax-.K cax il'r'-0 120)

The second termbetwecn brackets mustbe e.Iual zero,
thcrcfore itgives us

99, t 1L!'t,'ai,= {;iKi, (?.1)

^ lr, rr t, r. rh" .ti rrre* mrlr i\ .l rh. / ll, Flp, nF'.r dnd,r
i, ll,(. 'r Do renl or ll,F L,ucllinE n,oJe J::o. .dr"d wirh
r-rh elrner.t. ll ll,r bJrl ling n,o.lcs -re norm-li.,Fd ,,
llur den, n,ir. tor of Fqualion {21). ralllC,t h. i"
equal uniiy then Equations (16) and (21) canbe written

c, = aikl, (22)

!l=!.l.t1a' e3)

(24)

(25 )

'=f'i; '=' '^ 00)

(11)

f,'9, : o (12)

Thcoptimum strLrcturehastosatisfy trquaiions(10)io
(12) an.l thc constraint, Equation (7). Thcse arc the
Kuhn-Tuckcr conditions or optimalitv conditions. In
Equation (10) the Lagrange multiplicrs ii are positive
fora.tivc nrcquality constraints and zcro lor nonactive
consiranrts. Tlrese arefN+tl nonlhearcquaLionscorre
spondnrS to thcNdcsig11\'ariiblesXiand thcPI-agrange
mrltipllers ],j .

In the OC methods the criicrion is derive.l for the
clominani iype of consirnint irDpos(Ll on the structure,
.rnd that critcri(n is used to develop tltc algoi!hm. In
ihec.rsc of rnostsh!ctures itislikelythatonecan predict
the rype of constranri ivhich r\'ill be mosi active ai the
opiimumand use the alBoithm basecl on theconstraht.
Tl,e. ^rF. rr tr,t. l. rhcrcon-tr..r. r. J,L,F.r'Bt'J..i J-.
In this paPer a dcsign altorithm exploits conccpt of a
sirgle most criiical collstraini.
System Stability Constrairts

Thc lincar stabjlity of siructrrre is dclined by the
eiBenraluc problon defined as

(li - (Ii.)q = tt (13)

where( is the lhcar total stiffness mairix, (c is the
geomctricstiffncss nratrix and rt is the eiBerrvect asso
ciated with the eigcnvalue (. The crltjcal eigenvaluc is
thefirsicigcnvalue (1, if the eitenvaiues arcarrangednl
asctn.lingorclcr. The 1 

jnearbucklirlglond of structu.eis
given as

/l :),F 04)

AranSing Equntion (u)sucl) ilut, multiph ingthisequa-
tion by t Blves

,/ t\g aq t\,.q 0 (15)

Thus, ihe cigcnvalue <t can be written as

1) t\tt tI q I^ q, tl.r

The coJrstraini e.luatjon lor the thear siitic b ckljngof
n strLrchre canbe writtcn in rcfcrulce (1)b,v srbstitutin

.L||l,o\

Let

8.. t9.tq (2b)

Equations (22) and (23) can also be writtenin ierms of
Equation (26) as

. Lr t27t

lt:
0x,

>0
(28)\
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Equatnn (29) shows the optimality criterja for r1t sys-
r' nr sr.rbrlrry c.rrJrJinr lr he ruIrP y I .I',J. on ('a]
h. l. .id,^ by .V( ,"d r,'1. rhF f th roor h. B, t the

expression to form thc re.Llrsion relation formodifyinE
the design variables

, ., ;,;*,' rro)

where (r + 1) ando are the itcratidas numbers and 14 is
tlle step size parameiers which aciuates on theconvcr-
ge'1ce.

rtcURt I.l, , eFlpme, rmoJe..tf ".'Ee iilp Jn' rrucrLr-

l29J

Reduction of th€ Problem Size
The main obstactes io ihe developnlcnt of eficient

siru c iural optimizaijon capabilities, basecl on ihc use of
MP algorithms, were associatcd with the fact that thc

Sencral formulation, defincd by Equations (2) and (3),

(1) large numbers of desilt1 variables
(2) la.ge numbers of hequaliil'.o^straiftts, and
(3) rnany ine.lLlality consiraints that are
computaijonally burdensome implicit fun.tions of
clesign variablcs.

'Ihe computaiional cost of the minimizaiionProblem
describedby Equation (2) and (3) bccomes Prohibiiive
when large structures are considcred. Redlrciion of the
probleln of dnnensionality has been a chicved by rePlac
i.s thc basic problem siatement/ (l) an.l (2), with a

scqucnce ofrelativcly small, expljcii prcHcms thatpre
sen ethe csseniialieaturesof ihe orlglnal clesignoPtimi
zition problem. This canbe achicved ihrouth thc coor'
dinated use ofapproximation concePts which include:

(L) reduction of ihe ftumber oftudependent design

88

(2) temporary d€letion of unimporhnt co1lsiraints;

,\rc^n-ln,cri,,.or higl, quJlrl\.'pl ildpnro'rnJ-
tions for retained constraint functions.

These explicit approximations of the consirains re-

tained are used in place of thc finite element analysis. It
is worth pointing out that for a sialicaLl)' dererminaie
structure, the behavioral constraints arc linear wiih
respect to the reci procal of the design variablcs. Ii is ihen
reasonable to assume that they rcmainnearly linear in
the case of reLl unciant stuuctu res.

I .r de.r8r of lJrBc.lr.,,lrrre.. cfii, r.nr d.'iEn -et .r-

tivity analysis is particularly critical. !or such stnc-
trres, the substrlrcturing concepi
carl bc effectively iniegraied into
s tructural ana lysis and optimal d e-

sitnprocedurcs. trachsLlbstructurc
maynowbeconsidered asa"hyper
finite element" for the entire struc-
ture, whose nodal points are the
boundary nodes for the subsiruc-

Num€ri.al Examples
The feasibiliiy of the optnnalit,v

criterion approach to layercd com-
posiies is csiablished by jniiially
focused aitention on rear fuselage
sajlplanc struclures. Local buckling
rather tharl systembucklinS is usu-
ally the main cause ofelastic n$ta-
biliiy in fuselage si chrres undet
rcprcsentati\-e load cascs. The skin
of fuselage structurcs that carry
compressive forces dLle tobending
ofihe fuselage are mostvulnerable

to local buckling. In our case the rear fuselagc is an

unstiffened ]a)'er composiic structLrre. llencc, sysiem
stabiliiy is thc manr cause ofelasiic n$trbility.

Inthisexanrplc,mhimumwejghtdcsiSnof therepre-
s€ntative part ofrcar composite ftrselage is cleiermined
sLrbject to stability constrajnt and ihc Hill-Tsai failurc

,=i';

T,: (3r),[rr;1.6i;. .1:;].'

'uLere 
ot, oz an.1 rl2 nre the comporlcnis of the stress

vecior oi Ft, F2 and F12 are thc stresses of failure in
uniaxial tension, conpressjon ancl shcar, respeciively
and Tt is Tsai's number.

E1t = E22 = 21 GPa |11 = F22 = 185 MPa
crr = l0 Cla Frr=7.1MP.]
ur': - U.'. p t.ol. l0 I l't, mJ
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llcURE 4. I he optirniT.iion { eighi hisloiy for fus.lagc

FiSLrrc 3 shows finiic clcnreni nreshes for a fuselate
structurc. Ihe fusclagr: is dii'itli:tl into a nunrber of
smnllcrsubstructurcs. Hercisconsitjcrcd onlvone fuse
hte substrLlcture as indicated ai i. This substNctuc is
T. -,100 mm length. Stacking sequence for optnnization
rv.s [0'la 15'].Iniiial thickness ofthe fusehge skinl{'as
2.25 mnr. After optjJnization, Iinal fLrs€laBc skh thick-
ncss is 1.65. Thc wciSht history for this substructurevs.
nunber oliterations is shown in Figure 4, wlich shows
tlut mjnimum weigltt is obtaiftrd aft(:r six itc.aiions
only. As expecied in this casc thc stability conslraints
wcrc critical. ln ihis analysisthe fuselailewasundertwo
1o.d cnsesr symmeirjcal and unsyflmetrical, respec-
tiv.lv

Advanccclcompositernaterial has aiiraclive poteniial
for reclucing ihe structural mass of modern sailplane
. ^mP' enr.. l. Jcl,i, \,.ll-i. p 'r, rlr. 

r, nrirr.rr un m. -.
design must be provnled that simul taneously sa tisfics a
multitude of local and global sailplane desiF co,l-
straints,suchasmaterialstrength, mnrimum'gagc,buck-
1in8, cljsplacement and flutter constraints.

An integrated stmctural design proccclurc lvas ap
plied to produce the light weight KORUNDUM sail
plane structlrre. Compared to a conventional dcsiEr, a

mass savnrg of approximatcly 6'% of composite sail
plane mass is esiimated.

The preseni paper extends an efficient opiimality
criierion method, and combines system stability con-
skaints with earlier d(:velopcd [6,7] mitcrial strength,
displacemert, consiraints, etc.
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