
Total change of energy heiAht
l,ift
Time
Tolaf f hght tine
Ior,,vard speed
Speed corrcgponding to
(1,/D\

u /tt
AVerage cross-country s!eed
1l /r
Rate of 6ink
Rate of €1]]l< at Uo

Rate of clinb

Strenglh of up-current

Vx

Weight
Distance along f llght path
A Lagrange nuftilrfier, con-
stanl for an oltlnum flight
profile
Ilieht path sfope (positive
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![18!!u!tt0N
The crlterion for the optinun

inter-thernxal speed lras first publi-
shed '1 jls .irpl^ct lorr bJ Barri,1-
ger in f91!0 and has since been efa-
borated to deal with more realistic
sltuatlonB, lotably by NaccrdadJ. AII
ol 1,,-. -. .n. L\se. assrrnL 1 rrnorma-Li'

cross-country ffight in vhich the
saifplane generafly Sains heiSht by
circfing in thermals.

h-on.t-lo!- I'rrstr'a,r rr. d-.i-'r o
in the hope thet ii,roulC be possibfe
to carry out cro6s-country fliShts
lvithout circfln8 in the lher,'xals bul
sinlrly flying straight thfou8h then
at a 1or// fonvard sleed. -lLt thal tine:
the perfornance availabfe fron even
lhc mo6t refined nachines vras tnade-
quate for sustajncd lfl8ht in such a
fashian anC it is onfy rccently that
the Irerlornxance of;ailplanes has
becone so good that si8nificant pox-
tions of ffights may be carried out
r"-ithout circling; Ol course, it has
bcen ])os€lble almost since the be-
ginnings of thernal soaring to take
advantage of cloud sireets, $here one
finds an afnost continuous line of
lift or a well-defined cfoEely-spaced
successlon of thennals,

lllhlLst the title of th:Ls lalrer
refers slecifically to cloud streets,
its analysis is appficable to sny
cros$-country ffiAhl carried out vlth.
out circling, A criterion for o!ti-
nlslnA such ffights haB not been pre-
viously proposed, to the best knowl-
ed8€ of the autior, doubtles6 bo-
cau6e even a snrxpfified analysis cen
involve several independent variablee.
Yoreove-, ac ii lor1al ly
any flightr the forward s]reed is not
necessafily constant and hence the
equation oi nrotlon involves an accele.
ration l:errn. Consequentfy, various
integrands sinilar to tho6e derived
'..- ': a--lJ i l-l )lv a_6 .c!ro _
(rn-^r ^lral of ll a r--i\rtive oI

CLOUO. STREET FLYIITG

F. G. IRVtN6
Depa rtment of Aeaonauti cs

Imperi a1 Col l ege of Sci ence and Technol ogy
Lon don, Engl and

co

cr,
ll

NOTATI OII

Drag coefficient
l,1ft coefficient
Drag, assuned to
constani-density
A function suchr =.friu)o*F } }G
A function such
H = lc( u.x)dx
Ac c eferation due
True height
nnergy hoiAht

r(u)

c(U,x)

be D(U) in a

that

to gravltye
h
h

H

L
t
T
U
U

;*

U

0

t
l

!

).

Suf ficeF are exI)laineC in the
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for,,vard sleed vith reslect to some
other quantity such as time, dlstance
or height, a6 nay be convenient. The
a a J6 tho' bacohF^ ar px-rcisa ir
the CalculuE of Variations: sir0ilar'^ lna o,l hp Qe .r.. c . uow-v.r,
the inlroduction of the energy height
concelt serves to elininate accefera-
lion terns and the problem effective-
ly bocornes one in ordlnary cafculus.

This feadB to a resuft of 6uch a
nalur-o lha! its practicaf alplication
is difficult. llowever) it does en-
able one to assess the conditions
under vrhich such fLights are possibLe
and indicates the naxlnun atlainable

The analysis befow ls only con-
cerned vriih those parts of the flight
Irath having a Enall lncfination to
the horizontal. ft can also be shown
by the r,rcthods of the Reference that,

lllar'rs so'.d 1' -uJ | -
6tant does not correirpond with the
optj.rnum speed appropriate to lhe pre-
vailing conditlons, it 6hou1d be ad-
justed by lerforming a vertical clinl
or dlve. In reality, such naneuvers
are both inpracticable and unneces-
sary but this result does suggesL
that it is advantageous, vrhen adjust-
ing the speed tc the prevailinA
op 1rr, Io do.o'^ rapidlJ;. i.
practicabfe. The anafysis negfects
the effecls of transitions betvaen
oift--.nt .ond.'ior. or "-ig -, ia
ihat il inrphcllfy assunes that the
foad factor is alwa-y6 unity. Other
things beinA equaf, lu6h-over and
Irull-u! naneuvers,,'ri11 lroduc e de-
creases and increases in induced dragj
respectivcfy, so to Eorre extent the
effectE of a series of such naneuvers
v/ill be self-canceLling so lar aB the
overaU dissilration of energy is con-

ANALYSIS

consider a saihLanc flylng on a
constant heading, Let x denote dis-
tanco along the ftleht path and w
(positive u]]wardE) the locaL vertlcaf
velocilJ of the air. To an exlernal
observer, /, will in general be a
function of both x and tine t but,
from the loint ol vie\,/ ol ihe l)i1ol,it nray be regarded as a lunction ol
\ o lI. -.rpo. . : 'tn a-'or- rojrl rl I or .L :-.lplE...

is U, Assune also that the air den-
sj.ty is substantialfy the 6ame as the
standard sea-level value'

The time to lravef fron x1 to x2

'rifl be ' " J'+*t
(r)

The equatj.on of molion of the
sailpfane afona it€ lllcht ])ath viLf
be, in 8t111 air,

= o, (z)

rrlrorF 0 i. lositir/e nose-uP (See lig.l

!l du

U

--(0\

Fi gure l

If lhe ener8y heiaht 1.

h" = tt + t1212n ,

and h = true height, then

dh. dr lJ dllII- = ir.5;T
=u"i"€_$#,

and lrom (z)

dh" DU
TF- = - 'F' (3)



Bu-+ 'slrpra'.o s-t!of
the sail])Lan.r, vs, lrhen ffying stead"
ify at speed U,

In thc lresence of the upcurront
.,/, lh. rotal -8 , of .L€. .. o" .1.r:J
I Plf,a t rii11 be

TECHNTCAL SOARING, VOL. fIIJ NO' f

So the crlterion ls:

I--- _t
U2

(v - vu) - +# =.,

This can

funclion of U on1y.

be re-arrangod to glve

|nn l
[-t.1..t (4)

h eigh t

.-''-+av

chan8e of energy
x2 rTilf be:

The totaf
between xt and

d]l. (5)

L " L^ suppose n€ vc u/ish rolfy ir.jL^\ a.tasnior.nal, " r 1
6ivel (y2 - .{t), I s a minjr 11 rro
He = o. This is not the only crite-
rion whlch coufd be alpllcd but it
relresents a simple case analoi:ous to
the usuaf criterlon for analyEing
cross-country ffylng.

is of the foxm ,lF(u)dx an{t

is of the foln JG(U,x)dx,

It ther:cicr.c follows that the
criterion to be satisfied i6

dF, - ^AU

',vhere F*=I+rG
f l,.l _ i (* _ . ), (o)

a:]d I is a constant l,agrange multl-pficr.

,*2=l (w - vs)

\

[un"l ]t
l-r1.", & o*

I
u

T

H

or, slnco { must clearly have the di-
menslon of vefocity,

ar v -r-rv* . (7)

T'.n.-i ,rror oJ.qr, (Z)rs shovn jrrfblcafly ir FiA. :,

Fiqure 2

Thls is the standard'rMaccreadyr,
situation. (Indeed any optinum flibht
path for a sail])fane gives a sinilar
r'eEuft, leaving v* to be interlreted
accordinS to the circunrstances. )
r,/* is, in offect, tho zero-6etling of
the l'{accready ring and} lrhilst the
.Lia6ran ls cirayn for a positive value(equlvafcnt to setting the datum op-
posite sone rate of sinh figure), the
tign ol rv+ remalns to bc deternine.l.tn traciice, it ,,viU oiten be rrcljative

L
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It should bo noted that circunstanccs
can arice in rhich one should flJ al
less than -uhe .neod ior ninin'rn rate
of sink: in cther L"rorcs, r.t may bc

ihe upcr.trrenL ai thc erpense oi so e
lncrease in rate ol sinl!.

-co.. r.. p:r. I roi1. o. ...r..,
this rnalycis contains a €erer€ djf-
flcuLlJ: fi* is ultinately delcrnined
by th"- contlition that IIe = 0 ard ncnce

require6 a knol'rfedEe ol n as a func-
lion of x over tle Ci6lancc x2 - xf.
Unfortunat,"fy, th{] ])ilot ha,: no !o'/erE
of lrophccy. L'ihen flying under a
. oro- Lr .l , l - 'l l rrJ i 11.
\-L 'o ri f..:-. (o
until he is reasonablJ clc5o to cl outl-
base and thon adjust lhe llaccr.ad)'
ring by a process ol ruccessivc alr-
proximation so that, overal1, there
i5n.6 .r.p^t :".I f..
lifer thcre tends io bc inFulficient
tine to nalre the adiustrLents other
than very approxinaleLY.

1l lustrative cal cul ati ons for a
fi xe d- qe oflre t ry sai I pl ane

For a saiflfane lvith a ParaboLic
CD - CL curve, the lerforrnance ])olar
mal be Cescribed bY

where [. U/Uo and both vso and Uo

relate lo th€' (1,/D)r., condition.

ret = /v6o ""4 i*/""o, Then i4 di-
--nJtonles6 p--1 , L6 cr" *ior ol
pqn, (7) lecon'es

Fiqure 3

Su!])ose fo. the sake of simpli-
c1ty, that a distance xf in r,/hich
the upfiards vefocily of the alr has
tho constant value ,,v, is covered at
an o])tinun steed Ut and a diEtance
xr, in vhich w
cbrrestonding

'L'hrn rron ( f0)

-q,

-n3(8) 
and

= Ll, i€ covered at the
optimunr slecd U..

I
llj

I
II

'; -; - fr*

0

ThiB is iltuslrated in lig' J.
nro:n (8) and (9)

Ior zoro overa:Ll. hei8ht change:

*lv 
"lll

ai
___€

a0

-t!rhen.. r=.: -ll<-
,t

Afso, th,6 rate of
dlstance xl viLf be vc

-L*ol . trrt
0,

(12)

(Jt '1 .

82'
.nz f ,i+i.\u " :5) '--ii Ll

(9)

n

(Stiiclly, since the previous
lheorJ dealt .ith energy heiAhts
ralher than true hei8hts, this ex-
tression should include a kinot:-Lc
energy correctlon. )0

-n3 ( r0)



L- AL '

Sincc ;61 and ;s2 are functions
of 01 and 02 respectively, (ll) and
(1J) can tr trirciFl^ bF jolv-d ri-
nultancousrJ to :iiro 0, anc ll2 i r E
and xv/xp are knownr

It ia lntereating to conslder
wbat conbinatlons ol thernal slrene;tr(fi, in eflect) and alistance ratio
xl/xp are required to maintain con-
tlruou. lfiEht. 0n- obviou. parl icu-
fa- ca.. occurc ,.net lr/ir, 's a 1ax'-
nun (i.e., shen the saifplane is flovrn
ut (L/D)ma_.r over the distance x2).
This v/il1 correspond to 0Z = l,
i", = 1'

Unaler these conditions

;" = o,

-l
0l

(14)

TECIiNICAI SOARING, \roi,. III, NO. I

Tl - cl-4ice of v-lues of ill j
therelor4 .rert tinited: the traxihun

-+'\rrr va'-- )e 1-' and the mlninum value ic
that corre6ponding to the 3tal1.

A fel]/ results are 8lven 1n Table
1.

TABL E ]

0?

I

I

i1

"- 20?

*2 i_14

Ehrinatlng Ut from (14) and
(1r) give6 a relation6hip beLflcen ur-

ard the feast value of xjlx) whi.h
wlfl just permlt qontlBuou6 flight.
1t i6 apparent rtraL 0!.f/3, tron
(15). Nov, rron (8),0] = r/5 corres-

londs to isnin so, as i6 apparent on

phy€lcaf grounds, the llnlting case
corre6pond6 to flying at nlrduun slnk
l-n a contlnuous u!-cufrent of the saE
strenath (1.e., xr/x, = - ,

fi = 230.75, i"t = z/ta'75).

01

a.? 59

0.70

o.65

24,4

3.to
r.87

o.877

0,91

1.09

- Thernal strenlth

"1- Speed at
be6t L/D

These results are not reafistic
because {o have lmposed the condition
lhat lhe averae. sPAAd shall bo a
nax., cven very il/eak lhernals req.rire
the ifider to be tlown aL unreaLjs-
bica LlJ low speeds. Thc exlres6j on
we lavi useo ior bhe perfornancc (8)'
tras no 'mplied ]ower lin:r to 0. ]t
woulil be beLLer to assum" Lhat !l^e
sailDlane is never flown 3t a spced
Less than ils sfeed for oin' slnk' ln
which case, in exaninlng Lhc lini Ling
conditlons for continuous fljaht, v/e
abandon the rnaxioun average concept.
The sailplane 1s flor,m at nin' ainh
in the rislng ajr and a! i!6 Les[
aliding angle ir the still air.

( 15)

Inselting B2 = i
and i.a = z/io'75 tn
coDes approxioateLy:

*r 
= :-sJ.29__

12 fi - 0.828

'-+s2-L'ut_)
(U), this be-

. (16)
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Figures obt.rined fron cqrL. (16) arcgivcr i:1 Tablc ?.

TABLE 2

tr/x, "t

0.878

1.0

1.5

2.o

1.4

4.O

5.0

6.0

?.o

8.0

6.22

r.22,

a,67,

4.J75

4.24J

0.f84

0.flr8

o,124

o,1065

f

a,55

o.401

0.196

0.155

0.129

0, ffo
0,096

- Ta€rmaf strLnrth\'/ - kf-{ r .i1'k--6f
sailnfane

ar beZL L/D

xr d 'a1 j di. .rc i'r
'_i.'1:t^'_l:l-r_

If ve nolv considor in general
tcrns the case of achiel.ing maxinll'n
average €peed, ve can assi8n some
-!, l,co.1JvaloU,ridl.
consider a series of values of 02, n:on
(-r), u- .-r oo'-:, t .- \a11" o- i;.
S:nce i . enc i - ue Jifirol\ rc lieo
to II- a.c lI- resrectlvelr. x-./vtlt.2
can be found frorn (1f), ,\ more use--, ou.r-it' ' (r. x.r^., ).".,L?"I'
the ratio of the lotal distance to
the dislance traversed ln 1ift. It
is then I)ossible to dorive tha non-
d ,r . 

.r 
.t o.al a.,, fa .e .ro.E_.ountrJ

sneecL- u - sance

or*8, (u)u""

Foc ' 6 p-6, -r ou-po-.-, lr -. .. .I v.l -. ot ft ..1-. O.- (for
the saho ol ilfuslralionj sfiAhtlJ
less lhan lhc epeed for mininum ratc
oi sink), o,759 (sleei for nliimun
rate of sirk), L.o (6peed for best,,, 1 r-) ..,... v.1, or
0 ur to :.o uere tak.n.

"L
"z

Thc rc6ufts are pre6en+ed
Tab1e J and in fig. 4 on (rt +

.ri, a*ee, Lines of constant 1lf,
and I are dra n.

1r!
xr) /xr'
1,

TABLE 3

:!i-}

0r
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0.759 0lt

-'Ul ...-to -....'

2.0

,;t '

4e
I

lE r
Hl-€
II

-lb 5

ol-o

EIH .
.91o\t<

3€'
3li
sl* ,

lc,

lE'
t]

1.7 '-.-;:-;'"
..//

't.6 l.-)
..4

,

Numeri cal exanple

Consider a saifrllane vhose(L/D)n.r is lr2 at 42-knots nAS,

..?;

l)2'

Ior the sane glicLer rvith the6anA --LicaI ai. v^loci y -t..nd..Eov-r o1.-lr i-d of the o i-irlc. theresufts beconc:

U." I
1.4--v

1'-,

Y\'X2 - Totdl distonce
Distonce in lift

Fi qure 4

. I.f.ii / o/er .-: ot- L.c fICrlp'1\, tl F Up.ur---. Jtrene h would be/ k^ot... Flown at 0, = 9.7,9. i""-aLc of clino louLd be 1 - 0.878 =J. 12" k] oLs. U". Lvould oe utor: f. r,
corrospondi'lt-ro r. avarafF sDeed of)b._ \1016. Ihe .p rotrL;te 0. ,,/oLIdt'e lr)r, or 65 knots.

Spoed to ffv in l1fi:
Ra1-c of cfinb:
Speed to jlfy bet,rr'ccn fift:

1+2

J

70

6A

knots

1-,nots
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.l' a c-ois-cor nLry ILir!L
carried out in conditions r,r'liich oer-
nLL j. o oo -aJe jr:.1 ou- .j.c I -uc,th" crLterio'r \'/r ich -u^' oF r!!tie;
Ln ord r lo aclie!e nr-<itnr.r rv. -. .

speed is eimifar to the i.{accready:criterion for deternining optinurx
6Peed between theri1als in a nornxal
crosJ-courLfy -1'1j61-. no\,. ver. -cd.lun v rLLcrl ve oci J (dcno.;d b)v' ! t\e an1lysL.-, .n; corr". oonoir fto the datun scttina of a l.laccraadvvarior"lcr r.'1;) ls-cl. re-m: .. bJ "
the overal] distribution of verticalair velocity along the flieht Dath
together rith sone overalf condition
sucL a.- 7.-o ^lrr ,.. of
b-r rv "'r the b.f ,nni r r a. t . ",.e of
the flight. In praciice, a pilot
r'Iould have to procoed by a proceEs
of successive apnro:{imation.

Sone calculations have been madc
Io_ ftxrd- -or^ ry sLlplFr^. .../ r.
ll"ou 1 ^:" wLlj^1 ]1^ a.o-^,1r,
v, r'1ca- v^.o. il., ovar Frr o -he
' :f 1 pal\ aro i- al ri.t -,:.r.1---.

c0l.{cLUsl0Ns
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